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law proposed thus far to relate continuous-phase and particle-phase agitation in pseudoturbulent suspension flows.
Introducing the fluctuations of the particle volume fraction, some theoretical developments [14, 15] suggest a strong influence of the variance of the fluctuations of the particle concentration upon the agitation of the particle phase (granular temperature). However, the definitions of volume fraction fluctuations, either based on the particle number density or on the ratio of solid to fluid volumes, rely on a finite control volume and thus depend on the ratio between this volume and that of a particle. Consequently, the concept of a local stochastic volume fraction needs to be treated carefully and can be a major source of confusion. Such a pitfall can be avoided by considering the fluctuations of the phase indicator function of the solid phase, which is the mathematically well-posed stochastic variable that naturally characterizes the local fluctuations of concentration. In this Rapid Communication, we develop a simple model for both liquid and particle agitation in gravity-driven suspension flows at relatively large inertia. It is based upon the correlation between the fluctuations of both the liquid and slip velocities and those of the phase indicator function, the average of which is equal to the volume fraction. This model reproduces with a very good accuracy experimental data collected in a liquid fluidized bed over a wide range of volume fractions.
We consider a homogeneous suspension of particles at a significant volume fraction, larger than 10%. This corresponds to solid-liquid fluidized beds (also named liquid fluidized beds) or equivalently to settling particles in a fluid at rest, far from the walls. The particles move through the liquid under the action of gravity, so that the mean slip velocity of the particles relative to the fluid fixes the velocity scale of all motions within the suspension. In general, the fluctuations of the carrying phase induced by the dispersed phase include two contributions [16] : the disturbances generated in the vicinity of each particle and the turbulent fluctuations resulting from the instability of the flow through a random array of particles. At the large values of φ considered here, turbulence cannot develop in the confined interstitial region between the particles and local particle disturbances thus dominate.
In all what follows, brackets · refer to the ensemble average. However, since we focus on flows that are homogeneous and stationary, we will assume that all stochastic processes are ergodic in space and time so that both time and spatial averages are equivalent to an ensemble average.
The mean slip velocity in such a flow is known to scale with φ according to the so-called Richardson-Zaki law [17] . Denoting U lz the mean velocity of the liquid in the vertical direction and U pz that of the particles, this law reads
where U F 0 is a reference velocity slightly smaller (typically by 10%-20%) than the terminal velocity V t of a single particle, and exponent n is a function of the reference particulate Reynolds number, Re p0 = ρ l V t d p /μ l , or Archimedes number, A r = ρ l (ρ p − ρ l )gd 3 p /μ 2 l , with ρ l and μ l being respectively the density and viscosity of the liquid phase, and d p and ρ p the particle diameter and density, respectively.
In Fig. 1 , the average volume fraction φ is defined as the volume occupied by the particles divided by the considered volume of the suspension. It is also the average of the phase indicator function χ , defined at any point x of the whole domain and at any time t as follows, χ (x, t ) = 0 when x belongs to the liquid phase, χ (x, t ) = 1 when x belongs to the solid phase.
(
By definition, χ (x, t ) = φ. Due to particle random motion in the domain, this function is random and possesses the following properties:
Agitation of the liquid phase in these flows results from the wakes downstream of the particles and can be simply deduced from the scheme of Fig. 1 . The instantaneous vertical velocity at points located between particles (interstitial region) is distributed around the average liquid-phase velocity U lz , whereas that of the points located in the wake behind a particle is distributed around the average particle velocity U pz , which is zero in the selected reference frame. It results that the main contribution to the liquid vertical velocity fluctuations at a position x of the domain, u lz = u lz − U lz is of the order − U lz in the wake attached to a particle and conditioned by the occurrence of the presence of a particle in this region of the flow. Because the probability that a particle is close to a given location is proportional to φ [18] , it is natural to consider that this occurrence is characterized by the fluctuations of the phase indicator function, χ = χ − φ. This suggests the following form for u lz ,
Since χ is a discrete variable that takes only the values −φ or 1 − φ and u lz is a continuous variable, γ z should be a continuous stochastic variable, which is statistically independent of χ . In the aim to derive a simple model we will identify γ z to its average value, γ z = γ z , which is positive and assumed to be independent on φ.
The vertical fluid entrainment induced by velocity fluctuations u lz drags a horizontal flux of liquid as a result of local mass conservation. This generates horizontal velocity fluctuations u lx , which scale as the vertical component u lz , but with a smaller magnitude and an undetermined sign (see Fig. 1 ),
in which γ x is a constant of the same order but smaller than γ z and is a stochastic variable independent of χ , taking a value of +1 or −1 with equal probability. It is important to stress that Eqs. (3) and (4) have not been derived from primary principles. They constitute a model based on the idea that the instantaneous liquid fluctuations are proportional to χ , an assumption that we propose to validate by experiments that have been designed for that purpose. Equations (3) and (4) lead to the following model for the velocity ith-component variance and the fluctuating liquid kinetic energy E f ,
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A direct consequence of our assumptions is that the anisotropy ratio of the velocity components of the liquid phase should be independent of the dispersed phase volume fraction φ. The derivation of the variance of the phase indicator function in (5) is straightforward, using the definition and properties of χ [Eq. (2)],
Equations (5) and (6) thus provide a general model for the variance of the liquid velocity fluctuations in gravity-driven inertial suspensions. Inserting relation (1) for the slip velocity into (5), one finds
where γ i is the constant scaling factor of the ith component. Particle-phase agitation results from a filtering effect of liquid-phase agitation, the amplitude of which is driven by particle inertia (or density ratio ρ p /ρ l ). High inertia particles (1 ρ p /ρ l ) weakly respond to liquid-phase agitation, whereas lower inertia particles (ρ p /ρ l 1) mimic fluid-particle random motion. The first zero-order model aimed at predicting this behavior is provided by Tchen-Hinze theory, based on the resolution in spectral space of a single particle equation of motion in an undisturbed turbulent flow [11, 19] . Assuming an exponential decay (in space and/or time) of liquid velocity fluctuations, this model predicts the fluctuating kinetic energy of the particle phase E p as a function of E f ,
with b = 1+C A ρ p /ρ l +C A and C A = 1/2 is the added-mass coefficient for a spherical particle. In Eq. (8), the parameter η f p represents the ratio between two characteristic timescales: (i) the decorrelation time of liquid fluctuations following-or seen by-the particle (Lagrangian timescale) and (ii) the response time of the particle accounting for drag and added mass [11, 19] . With the flow considered here, the fluctuations of the liquid phase result from localized disturbances in the vicinity of particles suggesting that this ratio is of the order of unity. Even if, by definition, η f p can be computed at any volume fraction φ in Eq. (8), the general solution of momentum conservation leading to scaling relations (8) [or (9)] does not account for the modulation effect by neighboring particles. Moreover, it can be shown that the limit of η f p when φ tends towards zero is zero, so Eq. (8) becomes
As a consequence, Eq. (9) must be taken as the asymptotic form of the particle filtering effect of liquid fluctuations in the limit of dilute systems. Therefore we need next to establish a model for particle agitation accounting for the finitevolume-fraction effect on the same grounds as that derived for the liquid phase in Eqs. (3) and (4) . For this purpose, we will consider that the relation between the fluctuations of the relative velocity between the fluid and the particles is similar to the relation between their average values. The average velocity between the two phases depends on the average volume fraction φ and thus U lz − U pz = F (φ). To apply this relation to the velocity fluctuations, we make use again of χ to characterize the fluctuations of concentration. Then, keeping only the first term of the expansion of F in χ around the local phase volume fraction φ, one comes to
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Similarly to γ z in Eq. (4), the proportionality factor k z is taken equal to its average k z > 0. F (φ) is given by Eq. (1). Squaring Eq. (10) and averaging leads to
In this equation, the second term on the left-hand side is the intercorrelation between the fluid and particle fluctuations. In terms of kinetic energy, it represents the amount of kinetic energy exchanged between the fluid and the particles. From Eqs. (3) and (10), this term can be easily expressed as a function of the liquid variance,
Inserting (12) into (11) leads to the following relation between the particle and liquid velocity variances,
As a result of the strong correlation between liquid horizontal and vertical fluctuating velocity components, we assume a similar form for the horizontal slip velocity fluctuations,
with k x > 0. Making use of fluidization law (1) and identity (2), Eqs. (13) and (14) provide an analytic relation between the velocity variances of particles and fluid, with a single parameter for each component, k z and k x . Equation (7) provides the relations for the liquid velocity variance. Note that the assumption of inertial regime does not seem to have been necessary so far for the development of the above equations, since the particle Reynolds (or Archimedes) number is only involved in the fluidization law, which is valid over a full range of Reynolds (or Archimedes) numbers. However, the particle Reynolds number needs to be large enough to ensure that the velocity disturbances generated by each particle vanish at a distance of the order of the particle diameter.
Although the model proposed above is quite simple, it is difficult to evaluate its accuracy against existing published experimental data, since these are scarce or incomplete. It is indeed required to have an accurate set of data for both phases' velocity distribution in a homogeneous suspension, and over a significant range of volume fraction. Therefore we have produced these data from a liquid fluidized bed experiment, following similar techniques as already developed by one of the authors in Ref. [5] . A 5-cm glass column is filled with an aqueous solution of glycerin and solid particles. Particles are fluidized by setting an upward flow of liquid. The height of the fluidized column gives the average particle volume fraction in the bed. Refractive indices of both phases are matched in order to allow the implementation of optical techniques, such as particle tracking or particle image velocimetry (PIV). Particle velocity distribution is measured by tracking colored particles in the bed with a high-speed video camera. Liquid velocity instantaneous two-dimensional field is measured by high-frequency PIV on a vertical laser sheet crossing the fluidized section. On each image, particles are masked and filtered out from the velocity signal. The particle and liquid velocity distributions are therefore obtained from these two independent techniques, and at each volume fraction (or equivalently fluidization velocity), their variances are fully converged. The system studied is composed of quasispherical Nafion® particles with a diameter d p = 4 mm and a density of ρ p = 1595 kg/m 3 The fluidization law obtained for this system is consistent with the Richardson-Zaki's correlation [Eq. (1)] and gives a value of U F 0 = 0.189 m/s close to the terminal velocity V t = 0.223 m/s and n = 2.31. Because a single fluid-particle system is considered, the value of Re p0 = 530 and A r = 1.16 × 10 5 are fixed. However, the fluid-to-particle relative velocity changes with φ and the corresponding Reynolds number (Re p = ρ l U lz d p /μ l ) varies from 150 to 360. Evolution of the variance of the fluctuating velocity components of the liquid and particle is displayed as a function of volume fraction in Fig. 2 . Particle agitation is significantly smaller than that of the fluid at each volume fraction, illustrating the filtering effect. Both tend to decay as the volume fraction increases in the investigated range. Liquid anisotropy seems to be weakly dependent on φ. The model proposed for the liquid agitation implies that the velocity variance of each component divided by the mean slip (liquid) velocity should be proportional to the variance of the phase indicator function equal to φ (1 − φ) .
This quantity has been reported in Fig. 3 for both components. The linear fit is remarkable over the entire range of volume fractions. On this graph, the anisotropic ratio γ z /γ x is 1.56. In order to evaluate the filtering effect given by Eq. (11), particle agitation has then been computed from Eqs. (13) and (14), using experimental values of the liquid-phase velocity variance for each volume fraction. Results (dashed line) are compared with experimental data (symbols) in Fig. 4 . The quality of the prediction by Eqs. (13) and (14) with a single adjustable parameter (k i ) is impressive, matching any slight slope change of the experimental trends.
Using Eqs. (5), (13) , and (14) , the fluctuating kinetic energy ratio between particles and liquid is plotted in Fig. 5 . The model nicely fits the experimental data over the investigated range of solidphase fractions, between 10% and 45%. Interestingly, there is no need in this model to require to a structure factor of a specific form, involving the value of volume fraction at maximum packing: The filtering effect of the liquid agitation by the particles is fully accounted by the fluidization law and the variance of the phase indicator function, which is an exact function of φ. In the dilute limit, the model tends towards a smaller value (0.41) than that predicted by Tchen-Hinze theory (0.54). However, it is worth recalling that the model is not valid in this range.
We can conclude that this simple physical model based on the correlation between fluctuations of the velocities and the phase indicator function is relevant to predict liquid and particle agitation in any homogeneous buoyancy or gravity-driven suspension flow in the inertial regime (Re p > 100) for 102301-6 .54 for the present system is the limit of this ratio when φ → 0, as predicted by Tchen-Hinze theory.
